A dielectric response theory of solvation beyond the conventional Born model for polar fluids is presented. The dielectric response of a polar fluid is described by a Born response mode and a linear combination of Debye-Hückel-like response modes that capture the nonlocal response of polar fluids. The Born mode is characterized by a bulk dielectric constant, while a Debye-Hückel mode is characterized by its corresponding Debye screening length. Both the bulk dielectric constant and the Debye screening lengths are determined from the bulk dielectric function of the polar fluid. The linear combination coefficients of the response modes are evaluated in a self-consistent way and can be used to evaluate the electrostatic contribution to the thermodynamic properties of a polar fluid. Our theory is applied to a dipolar hard sphere fluid as well as interaction site models of polar fluids such as water, where the electrostatic contribution to their thermodynamic properties can be obtained accurately. Published by AIP Publishing. https://doi
I. INTRODUCTION
Solvation in polar fluids is a fundamental problem in nature and is widely used in the description of many processes such as crystallization processes [1] [2] [3] and electron transfer processes. [4] [5] [6] A widely used theory for the polar fluid is the Born model of solvation, 7, 8 where a polar fluid is treated as a dielectric continuum with relative dielectric constant r , while an ion is characterized by a charge q and a radius a. According to the Born model, the electrostatic contribution to the solvation energy of an ion is β µ ele = − . This theory is also extended to fluids with dispersion interactions to include quantum corrections. [9] [10] [11] However, the Born model has several limitations. First, the Born model overestimates the solvation energy as long as a is interpreted as the cavity size of the solutesolvent interaction. To alleviate this problem, the generalized Born model takes the size a as a tunable parameter so that one can match the solvation energies from experiments. 12, 13 The size parameter a determined in this way is always smaller than the cavity size and hence its physical significance is not very clear. Second, the Born model cannot predict the oscillatory decay charge density profile around an ion in dense polar fluids. 14, 15 To this end, a theory that could accurately account for both the solvation energy and the microscopic structure of polar fluids, and at the same time preserving the linear feature of the model, will be useful to our understanding of solvation in polar fluids.
In recent years, there have been extensive studies on the theory of dense fluids with Coulomb interactions. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] Due to the universality of Coulomb interactions, one may expect that there are common properties shared by ionic fluids and polar fluids. As demonstrated by Kjellander and coworkers in the dressed ion theory 22, 23 and the dressed molecule theory, 24 the Poisson equation for the electric potential of a solute in a solvent can always be reformulated as a linearized Debye-Hückel (DH)-like theory by an exact charge renormalization process. The difference between ionic fluids and polar fluids is known to appear in the root structure of the dielectric function, 18, 25, 26 which can be understood from the dispersion relations in electrodynamics. 25, 26 The dressed molecule theory indicates that the electric potential around an ion in a polar fluid decays as φ i (r) q i b r + n q in e −knr bn r . Motivated by the fact that one can use the DH-like modes to reproduce the multiYukawa potential in ionic fluids accurately, 26 a combination of Born response mode and DH response modes to build an extended theory for the polar fluids should be possible, i.e., the term of φ(r) ∼ 1 b r in the electric potential is resulted from the Born response mode 2 φ(r) = 0, while the term of φ(r) ∼ e −knr r comes from a DH response mode with ∇ 2 φ(r) = k 2 n φ(r). In this paper, we focus on such a dielectric response theory of polar fluids. In general, there are two widely used models for polar fluids. One is the classic dipolar hard sphere fluid, where a spherical polar molecule carries a point dipole at its center. The other is the interaction site model of polar fluids, where a polar molecule carries several point charges at various positions of the molecule. As the dressed molecule theory is valid for these two kinds of polar fluids, we demonstrate that the electric response of a general polar fluid can always be expressed as a combination of a Born response mode and multi-DH response modes, where all the parameters can be determined from the dielectric function of the pure solvent. The electrostatic contribution to the solvation energy can be calculated accurately from this approach. As the Born response mode can be treated as a special DH response mode with k n = 0, such a dielectric response theory is called a molecular Debye-Hückel (MDH) theory of polar fluids. For the special case of dipole and ion solvation in a polar fluid, the electric potential, the induced charge density, and the electrostatic contribution to the thermodynamic properties are discussed. Applications of the theory to the interaction site model, such as water, are also discussed. This paper is organized as follows. In Sec. II, we develop the MDH theory for dipole hard sphere fluids, based on which the induced charge density about a solute, the bulk dielectric function, and the excess thermodynamic properties are derived analytically. In Sec. III, the MDH theory applications to the interaction site model of dipole fluids are presented. A brief summary is given in Sec. IV and some of the details of the theoretical formulation are presented in Appendixes A and B.
II. A MOLECULAR DEBYE-HÜCKEL THEORY FOR DIPOLE HARD SPHERE FLUIDS

A. Model description of a polar fluid
We first consider an one-component dipole hard sphere fluid that serves as the simplest model of polar fluids. The particle number density of the polar species is n d , the reduced inverse temperature is β = 1 k B T with k B being the Boltzmann constant and T being the temperature; the permittivity of the vacuum is 0 . It is known that one can use the orientationdependent molecule interaction potential u 12 (r 12 , ω 1 , ω 2 ) and orientation-dependent correlation function h 12 (r 12 , ω 1 , ω 2 ) to describe such a molecular fluid, 24, 28 where the solid angle ω i denotes the orientation of the molecule i. Denote σ and µ as the hard sphere diameter and the dipole moment of the polar species. The pair potential between one dipole at r 1 and another dipole at r 2 is u dd ( can be introduced to measure the strength of the electrostatic interaction. 29 
B. A MDH theory for a dipole hard sphere fluid
To build a molecular dielectric response theory for a polar fluid, a tagged molecule labeled o at the origin is taken as a solute, while the surrounding molecules are taken as the solvent. Let h od (r, ω 1 , ω 2 ) = g od (r, ω 1 , ω 2 ) 1 be the correlation function between the solute o with solid angle ω 1 and the solvent dipole species d with solid angle ω 2 . Denote Φ o (r, ω) as the electric potential of the solute o with bare charge density ρ b o (r, ω). The Poisson equation for the solute reads
is the bare charge density for a dipolar solvent molecule. 24, 30 Let f (k, ω) ≡ ∫ f (r, ω)e ik ·r dr be the three-dimensional Fourier transform of a function f (r, ω). As indicated by the dressed molecular theory, a rigorous charge renormalization process can be applied to the total charge density so that the Poisson equation in k-space can be rewritten as 24 where l (k) is the dielectric response function of the solvent and θ o (k, ω) is an effective charge density of the dressed solute. The main results of the dressed molecule theory of a dipolar fluid are summarized in Appendix A. For the case of the solute being an ion, the electric potential depends only on r = |r| such that Φ o (r, ω) = Φ o (r), the electric potential in r-space can be evaluated 24, 26 
Pole analysis yields that Φ o (r) q 0 b r + n q n e −knr bn r 24 and hence motivates us to expand the dielectric response of a polar fluid with a Born mode and multiple DH modes.
In general, one can expand the electric potential Φ o (r, ω) with a Born mode (l = 0) and multi-DH-like modes, i.e.,
where L is the number of DH response modes and {C l }s are the linear combination coefficients to be determined. The dielectric constant of the bulk polar fluid is b ≡ lim k→0 l (k), and then the relative dielectric constant is defined as r = b / 0 . The electric potential φ 0 (r, ω) is the solution of the Born response mode with dielectric constant r , i.e.,
where a o is the cavity radius of the solute-solvent interaction. When the solvent and solute molecules are described by hard spheres with diameters σ and σ o , one can find that a o = (σ + σ o )/2. It is easy to check that the dielectric constant inside and outside the spherical cavity is set to be 0 and r 0 . The electric potential φ l (r, ω) with l = 1, 2, . . . , L is the solution of a linearized Poisson-Boltzmann equation with a Debye screening length k l , i.e.,
where k l are the non-zero roots of l (k) and the dielectric constants inside and outside the spherical cavity are all set to be 0 for simplicity as the effective dielectric constant and the renormalized charge can be combined to be represented by the linear combination coefficient.
Equations (2)-(4) are the main working equations for the molecular Debye-Hückel (MDH) theory of polar fluids. According to the above equations, the dielectric response of a polar solvent is described by a Born response mode with an effective dielectric constant r and a set of DH-like response modes with decay parameter {k l }, while a solute is characterized by the cavity size and its bare charge density distribution. Such a physical picture is hidden behind any integral equation theories or computer simulations such as molecular dynamics simulations and Monte Carlo simulations. In general, the linear combination coefficient {C l } depends on the solute size, the solute bare charge density, and the solute-solvent correlation function. Even though the potential terms e −k l r r from DH modes are short-ranged potentials, the DH response modes actually take the non-local response of Coulomb interactions into account.
C. The electric potential of a dipole hard sphere solute
When the solute molecule is chosen as a solvent dipole molecule, one can expect that the MDH theory naturally leads to a self-consistent description for the polar fluid. Let us consider the solvation of a dipole hard sphere in a dipole hard sphere fluid. The solute is the same as the solvent molecules so the solute diameter is σ and the solute dipole moment is µ. In this case, it is found that a o = σ. The electric potential Φ d (r, ω) around the dipole solute is expanded as
The solution of the Born mode with l = 0 reads
where
µ σ 3 is an induced electric field. The solution of the DH mode with l ≥ 1 reads
is an induced electric field. Then the total electric potential inside the cavity can be written as
According to the Poisson equation, the total charge density ρ t o (r, ω) of the dipole solute can be evaluated as
Using the Φ d (r, ω) expression from the MDH theory, some straightforward calculations yield
where the function f l (x) is defined as f 0 (x) = 1 +
Similar to the case of ionic fluids, the normalization condition reads 
3 . 24, 31 The response function can be evaluated as
Note that f 0 (0) = 
An interesting observation is that C 0 can also be evaluated with the Kirkwood g-factor g K . When comparing Eq. (9) with the Kirkwood fluctuation formula
can find that C 0 = g K . As noted by Pollock and co-workers, 33 the electric field of a dipole hard sphere immersed in a dipole fluid decays as lim r→∞ E(r) = µ eff r 3 , where µ eff = g K µ 0 is the effective dipole moment and µ 0 is the bare dipole moment. One can recognize C 0 as the ratio of effective dipole moment over the bare dipole moment as C 0 = µ eff µ = g K . Note that g k ≥ 1 in general and g K = 1 holds only for dilute polar fluids when n d → 0. One can conclude that the conventional Born result C 0 = 1 is valid only in the dilute limit. 33 Now the dielectric response function can be evaluated as
where the normalization condition reads
. Given the charge density ρ t d (k, ω) or equivalently χ(k), fitting χ(k) with Eq. (10) will lead to a set of coefficient {C l } for the solvent. One may note that the results similar to Eq. (10) have been discussed in previous studies on polar fluids, for example, based on a phenomenological polarization model for polar fluids, the response function can be expanded as
. [34] [35] [36] [37] 
E. Excess thermodynamic properties of the dipole hard sphere fluids
As long as the mean electric potential Φ d (r, ω) of a solvent molecule is determined, one can calculate electrostatic contribution to the excess thermodynamic properties. In the following parts of this study, the thermodynamic properties are timed by the reduced temperature β so that the properties would be dimensionless.
According to the previous discussion, the total induced 
As a comparison, the excess internal energy from the conventional Born model is given by
where the contributions of DH modes are absent. As one can expect, the Born model is valid only for weak dipolar interaction limit where the effect of DH modes can be neglected.
The excess chemical potential µ of the dipole hard sphere can be expressed as 40, 41 β µ
where β µ hs d is the cavity formation energy and can be evaluated from the integral equation theories, 31 while β µ ele d is the electrostatic contribution to the excess chemical potential. Using the Kirkwood charging process, one can find that
where E(ξ µ) is the induced electric field for a solute with dipole moment ξ µ, where we assume that the coefficients of the MDH theory is independent of the dipole moment so that E(ξ µ) = ξE d . Equation (14) implies that the electrostatic part of the excess chemical potential equals to the electrostatic excess internal energy, a feature of linear models.
F. Excess thermodynamic properties of an ion in polar fluids
Our MDH theory is also applicable to the solvation of an ion in a dipole solvent. The diameter and charge of the ion are denoted as σ i and q i . The pair potential between an ion and a dipole molecule is u id (r, ω) = u hs According to Eqs. (2)- (4), the mean electric potential Φ i (r) outside the cavity is found to be
where a i = (σ i + σ)/2 is the cavity radius. Inside the cavity, Eq. (4) can be solved with appropriate boundary conditions
where the induced electric potential ψ i is defined as
According to the Poisson equation, the induced charge density ρ ind i (r) about a central ion can be evaluated as
It would be convenient to introduce the polarization density P i (r) ≡ n d 4π ∫ dωh id (r, ω) µ(ω) ·r to measure the response of the dipole fluid to an ion. 15 The polarization about the ion leads to an induced charge density, which can be evaluated as
According to Eq. (A21) of Appendix A, this induced charge density can be evaluated as
It is found that the macroscopic polarization density
) with r ≥ a leads to an induced charge density
. 15 Note that the linear response coefficients {C l } depend on the solute-solvent interactions, then the determination of {C l } replies on the availability of the induced charge density or polarization density. Using the polarization density from other accurate theories as input, we can evaluate the induced charge density ρ ind i (k) according to Eq. (19) . By fitting ρ ind i (k) with Eq. (18), the set of {C l } can be determined. As demonstrated by the dressed molecule theory, the electric potential of an ion in a polar fluid always decays as lim r→∞ Φ i (r) = q i 0 r r . 24 When we compare this relation with Eq. (15), one can find that that C 0 = 1 and hence the normalization condition reads L l=1 C l = 0. With the induced potential ψ i from our MDH theory, the excess electrostatic internal energy u ele i can be determined as
In the weak electrostatic coupling case, one can expect that the contribution from DH modes is negligible and then Eq. (20) reduces to the familiar Born results 7
It is worth to point out that there are other choices of the size parameter in the Born model, such as the Pauling radii, Shannon-Prewitt's crystal radii, 42 or the modified radii from MSA theory. 15 In the generalized Born model, the Born radius is chosen by matching the Born energy function Eq. (21) to the experimental chemical potentials. 12, 13 In general, these solute radius parameters differ from the true cavity sizes. In this study, the cavity size of a solute is used both in the Born model and the MDH theory as it is natural to interpret the solute size in a continuum model as a cavity to accommodate the solute. 26, 43 It is also important to note that the size of a molecule is not well defined just with respect to electrostatic interactions, a general definition for the size of a molecule should account for other type of interactions, which is still an open question.
As both the MDH theory and Born model are continuum models, the MDH theory and the Born model can be easily extended to solvation of complex solutes, i.e., when specific solute information, such as molecule surface and charge distribution, is used in the continuum model, one can solve the electrostatic boundary problem to find the induced potential and thus the electrostatic solvation energy, which is another major motivation for such theoretical development.
The excess chemical potential of the ion reads
where µ hs i is the cavity formation energy of the ion and can be evaluated from the integral equation theories. 31 µ ele i is the electrostatic contribution to the excess chemical potential and can be evaluated with the Kirkwood charging process, i.e.,
where ψ(ξq i ) is the induced electric potential for an ion with charge ξq i , and it is assumed that the coefficients of the MDH theory are independent of the ion charge so that ψ(ξ µ) = ξψ i . Equation (23) implies that the electrostatic part of the excess chemical potential equals to the electrostatic excess internal energy. One can see that such a physical picture is also valid in our MDH theory of ionic fluids 26 and the mean spherical approximation of ionic fluids, 44 again a feature of a linear theory.
G. Applications of the MDH theory to the dipole hard sphere fluids
The mean spherical approximation (MSA) of dipole hard sphere fluids leads to analytical dielectric function and thermodynamic properties and has been widely used in the studies of polar fluids. 15, 29, [45] [46] [47] [48] [49] In this section, we will use the MSA results to demonstrate how our MDH theory can be used. It can be shown that the Born mode and typically two or four DH modes are capable of evaluating the dielectric response function and the excess internal energies accurately. Similar to the case of ionic fluids, when the electrostatic coupling of a polar system becomes very strong, more DH modes in the MDH calculation are required as long as there is no higher order poles or branch cut in the dielectric response function.
Before our discussion, the main MSA results are summarized here for convenience. 15, 47, 49 The model description of the dipole hard sphere fluids can be found in the Sec. II A. MSA is a linear theory where all thermodynamic properties depend on a dimensionless parameter y = and let K = η * /(2η d ), the excess internal energy of the dipole fluid can be evaluated as βu ex d = −3yK. 47 Using the direct correlation function c(k;ρ * ) for a hard sphere fluid with particle number density ρ * = 6η * /(πσ 3 
The decay parameters k l of the dielectric response function can be evaluated by χ(ik l ) −1 = 0 or equivalently 1 ρ * c(ik l ;ρ * ) = 0. According to the MSA, one can also study ion solvation in a polar fluid. Using the solution of an ion-dipole mixture from the MSA, one can find the polarization density P i (r) around an ion in a polar fluid. 48 to be 1.04 < r ≤ 23.72. Note that k 1,2 appears in complex conjugates, the real and imaginary parts of k 1,2 are shown in Fig. 2 . One can see that Re(k 1 ) decreases as y increases, while Im(k 1 ) increases as y increases, which are physically transparent, namely as y increases, the screening becomes better while the packing oscillations become denser slightly.
The excess internal energy βu ex d as a function of y is shown in Fig. 3 . We use 2 DH modes for y ≤ 0.28 and 4 DH modes for y > 0.28. Our MDH theory is in good agreement with MSA results, where the maximum difference is about 4% at y = 2.51. As a comparison, the Born theory is inaccurate especially for the strong coupling case, for example, the Born theory overestimates the excess internal energy by 55% at y = 2.51.
With the discussion in Sec. II F, ion solvation in a dipolar fluid can also be addressed using our MDH theory. The solvent parameters are fixed as σ = 1.0, β = 1.0, n d = 1.0, µ = 1.0, and 0 = 1. In this case, the dielectric constant is r = 10.41, the first four decay parameters are k 1,2 = 2.141 ± 5.587i and k 3,4 = 3.662 ± 11.988i. For a solute with q i = 1 and σ i = 1, the induced charge density from the MSA is fitted to Eq. (18) and then it is found that C 0 = 1, C In general, the coefficients {C l } are solute-dependent so that the solute with different sizes will have different coefficients. Our numerical calculations show that {C l } is a slow varying function of the solute size as long as the solute size is larger than the size of the solvent molecules. Such an observation implies that it would be a good approximation to use {C l } of an ion with a size comparable to the solvent to predict the solvation energy of ions with other sizes or solutes with general geometry. Using {C l } for the ion with σ i = 1, the excess internal energies of solutes with other sizes are evaluated with Eq. (20) , and the results are shown in Fig. 4 . The traditional Born results are also shown. As one can see, our MDH theory leads to excess internal energies which are in good agreement with the MSA results, for example, the difference between our MDH theory and the MSA result is no more than 4% in the range of 0.5 ≤ σ i ≤ 8. In contrast, the Born theory is not very accurate, for example, the difference between the Born theory and the MSA theory could be more than 25% for σ i = 0.5.
III. A MOLECULAR DEBYE-HÜCKEL THEORY FOR THE INTERACTION SITE MODEL OF POLAR FLUIDS
Another type of polar fluid models is the interaction site model (ISM), 31 where a polar molecule is described by multiple sites and each site carries a point charge. As the ISM is widely used in the molecular simulations, it would be of special interest to see how the MDH theory can be applied to such systems. In Appendix B, the details of the dressed molecular theory formulation for ISM molecular fluids are presented to facilitate the following discussion. When Φ o (r, ω) in Eqs. (2)- (4) is replaced by Φ i (r), we get the main working equations for the MDH theory of ISM polar fluids. Assume that the solvent site and solute ion are hard spheres with diameters σ and σ i , the cavity radius can be evaluated as a i = (σ + σ i )/2. The solution of the electric potential around the ion is already shown in Sec. II, and the reader can refer to Eqs. (15)- (18) .
A. A MDH theory for ISM polar fluids
Using the induced charge density ρ ind i (k) from other methods, such as molecular simulations or integral equation theories, as input, one can fit ρ ind i (k) with Eq. (18) and find the linear coefficients {C l }, and then the excess electrostatic energy βu ele i can be evaluated using Eq. (20) . Furthermore, it is also possible to evaluate the electrostatic contribution to the excess chemical potential β µ ele i . In general, the chemical potential β µ ele i can be evaluated with the Kirkwood charging process and relies on the availability of {C l } as a function of the solute charge. When the polar solvent is symmetric in charge and size (the simplest case is a diatomic polar fluid with the same site size), our numerical calculation implies that the linear coefficients {C l } are insensitive to the solute charge. In such cases, one can assume that {C l } is independent of the solute charge and then one can easily find that β µ ele i = βu ele i . However, when the polar fluid is asymmetric in charge or size, the dependence of coefficients {C l } on the solute charge could be evident and then β µ ele i could differ quite bit from βu ele i .
B. Applications to ion solvation in ISM polar fluids
In this section, we show how the MDH theory can be applied to ion solvation in ISM polar fluids. The validation of our MDH approach is tested for ion solvation in two ISM polar fluids.
Application to a symmetric diatomic polar fluid
Consider a solution consists of 510 polar molecules and one pair of conjugate solutes j = 3, 4 with charges q 3,4 = ±q o . In this case, the solute particle number density is much smaller than that of the polar molecules and hence can be treated as in the dilute limit. A polar molecule consists of two atoms labeled 1 and 2, and each atom carries a charge q 1,2 = ±q s . The solvent charges are fixed at q s = 0.5e 0 , where e 0 is the elementary charge. In the Gaussian unit, one can set e 0 = 1. The bond length between atom 1 and 2 is fixed at l 12 6 is the van der Waals (vdw) interaction described by a LennardJones potential. The parameters for the solvent species are σ ii = σ s = 3.166 Å and E ii = E s = 0.65 kJ/mol (i, i = 1, 2). The solute-solute interaction parameters are σ jj = σ o and E jj = E o = 0.41 kJ/mol (j, j = 3, 4). The parameters for the solute-solvent interactions are σ ij = σ so = (σ o + σ s )/2 and E ij = E so = √ E s E o = 0.5162 kJ/mol (i = 1, 2; j = 3, 4). As one can see, the system is symmetric so that the excess electrostatic energy u ele j is the same for j = 3, 4. In the dilute limit, the excess electrostatic energy u ele j is insensitive to the solute-solute interaction potential u jj (r), given σ o is not much smaller than σ s .
Molecular dynamics (MD) simulations are performed with the DL-POLY program. 50 NVT ensemble with periodic boundary conditions at temperature T = 300 K is used. The length of the cubic simulation box is d = 30.397 Å and then the total number density is found to be ρ = 0.0182/Å 3 . The time step in the simulations is about 1.2 fs, and a trajectory of 0.48 ns was collected after an equilibrium run of 0.48 ns. Truncation of the van der Waals interaction is at 10 Å. Ewald summation is used to find the excess electrostatic energies, where particles in the image cells are treated as part of the solvent, which contribute to the electrostatic energy of the solute. When 20 000 equilibrium configurations of the system are used, the typical uncertainty of the excess electrostatic energy u ele j is about 1 kJ/mol. One may note there are many corrections that need to be made to single ion solvation energies in simulations. 51 When q o = 1, one can treat the system as a dilute electrolyte solution, and then there is an electrostatic contribution due to the ion interactions. This contribution can be evaluated from the DH theory, which reads ∆u = − , the inverse Debye length. Note that the total electrostatic energy from Ewald summation contains contribution from both the polar species and ionic species. We subtract the DH energy contribution from the total electrostatic energy and use it as the electrostatic energy of a single ion in polar fluids.
When 510 polar molecules and one pair of neutral solutes with q o = 0 are used in the simulations, the dipole moment fluctuations of the bulk system are collected to evaluate the dielectric constant, which is found to be r = 97. The dielectric response function χ(k)
from MD simulation is fitted to a half empirical function As the first test case, we set q o = 1 and σ so = 3.483 Å. With the correlation function h ij (r) from simulations, the induced charge density around the ion j is evaluated as ρ ind j (r) = i=1,2 q i n i h ij (r). Due to the symmetry of the system, one can find that ρ ind 4 (r) = −ρ ind 3 (r) and u ele 4 = u ele 3 , so hereafter we = −225 kJ/mol which overestimates the excess electrostatic energy by 28%. We also did calculations for solutes with other sizes, it is found that our theories can always lead to accurate electrostatic energies.
As the second test, we consider the solute charge dependence of the excess electrostatic energies. The solute size is fixed at σ so = 3.483 Å and q o is taken as a parameter. By assuming that the response coefficients {C l } are insensitive to the solute charge, we can predict the excess internal energies of solutes with different charges. Using {C l } and a 3 for solute 3 with q o = 1 and σ so = 3.483 Å, u ele 3 for solutes with different charges q o is evaluated with Eq. (20) . The results for u ex 3 are shown in Fig. 5 . As one can see, the MDH theory is in good agreement with the MD simulations, where the energy difference is no more than 7% in the range of 0.5 ≤ q o ≤ 3, which can be improved if the {C l } dependence on the solute charge is accounted for. As a comparison, the Born theory always overestimates the energy more than 21% and hence is not reliable.
As the third test, we consider the size dependence of the excess electrostatic energies. The solute charge is fixed at q 0 = 1 and the solute size σ so is taken as a parameter. Using the charge density ρ ind 3 (r) from MD simulations, the location r 1 of the first valley of ρ ind 3 (r) can be found. r 1 can be well fitted to σ so with a linear function r 1 = 0.984σ so 0.349 Å and is used as the effective size in the MDH theory. Using {k l } and {C l } from the first test case, the energies u ele 3 for solutes with different sizes can be evaluated with Eq. (20) and are presented in Fig. 6 . In the range of 2.5 Å ≤ σ so ≤ 6.0 Å, the predicted excess internal energies from MDH theory are in good agreement with the MD results, where the difference is no more than 4%. The Born results are also shown. Again, one can see that the Born theory is inaccurate and overestimates the electrostatic energies by 20% to 30%.
Application to ion solvation in a water model
Using the SPC/E water model, 55 a mixture of 510 water molecule and one pair of conjugate solute with charge q 3,4 = ±e 0 is simulated using the DL-POLY program. 50 The van der Waals (vdw) interaction between two atoms is the Lennard-Jones potential u s ij (r) = 4E ij [( 6 ]. The O atom and H atom in water molecule are labeled as species 1 and 2. The vdw interaction between H atom and other atoms is neglected in the SPC/E model and the other parameters used for our studies are E 11 = 0.65 kJ/mol, σ 11 = 3.166 Å, E 34 = E 33 = E 44 = 0.41 kJ/mol, σ 34 = σ 33 = σ 44 = 3.8 Å E 41 = E 31 = √ E 11 E 33 = 0.5162 kJ/mol, and σ 41 = σ 31 = (σ 33 + σ 11 )/2 = 3.483 Å. NVT ensemble with periodic boundary conditions is used, where the temperature is T = 300 K and the total number density is ρ = 0.0336/Å 3 . The dielectric constant r = 71 from previous literatures 56 is adopted in this study. Using the dielectric response function χ(k) from simulations as input, the first four Debye parameters k l are found to be k 1,2 = (0.512 ± 3.021i) Å 1 and k 3,4 = (1.056 ± 5.340i) Å 1 . Using the location r 1 of the first valley (or the first peak) of the induced charge density around the solute 3 (or solute 4), the effective size for the solutesolvent interaction is a j = 3.03 Å for ion 3 (or a j = 1.92 Å for ion 4). Using the induced charge density ρ 3,4 (k) as input, the coefficients are found to be C 0 = 1, C 1,2 = 0.273 ∓ 0.542i, and C 3,4 = 0.273 ∓ 0.554i for ion 3 and C 0 = 1, C 1,2 = 0.647 ∓ 0.771i and C 3,4 = 0.647 ± 0.312i for ion 4.
Since we insert a pair of ions into the system, there is an electrostatic energy due to interaction between ionic species. Following the same idea as used for diatomic polar fluids in Sec. III B 1, the electrostatic energy contribution from ionic species is evaluated from DH theory and is subtracted from the total electrostatic energy. The excess internal energies from MDH theory are found to be u ele 3,4 = −268 kJ/mol, −435 kJ/mol, which differ the MD results, u ele 3,4 = −281 kJ/mol, −459 kJ/mol, by 5%. As a comparison, the Born model leads to u ele
= −226 kJ/mol, −357 kJ/mol which overestimates the excess internal energies by about 20%. It is worth to note that the accuracy of our MDH theory could be improved by a refined choice of the effective solute cavity size a j , for example, using a j = r 1 0.1 Å, one can find a new set of coefficients {C l } and further reduce the energy difference between MDH theory and MD simulations to about 2%. One may note that the Born results can also be improved by tuning the size parameter.
When using a j = r 1 0.1 Å, the Born energy results can also be improved by 2%-3% but are still much less satisfactory than the MDH theory. If one tries to match the Born energy to the MD values, the Born radius needs to be tuned to a = 2.42 Å (or a = 1.49 Å) for the cation (or the anion) used in this study and hence is significantly smaller than r 1 . To this end, further work would be interesting to find better ways to determine the effective solute size with soft interactions. In addition, our MDH can discriminate the solvation energy asymmetry of cations and anions in water.
As our formulation is a linear theory and hence it would be straightforward to apply our theory to the solvation of solutes with general charge distribution and geometry, which can be done in four steps. First, one can determine r and {k l } with the bulk dielectric function of the polar fluids. Second, one can use the induced charge density of a test ion with size comparable to the solvent species to determine the coefficients {C l }. Third, one can replace the charge density and the boundary condition in Eqs. (3) and (4) by that of the solute of interest and then solve the dielectric boundary problem for each response mode. Finally, one can sum up the energy contribution from all response modes to get the excess chemical potential just as in the case of solvation in ionic fluids. 26 One may also note that our discussion is based on the assumption that the molecules are hard objects. For polar fluids with soft interactions, the effective cavity size may need to be determined with a perturbation theory or free energy minimization process. [57] [58] [59] Note that the application of the MDH theory to ion solvation requires the solute-solvent correlation functions h so (r) as input. However, the exact correlation functions in general cases are not easy to find. One may use the Gaussian field model 60, 61 or the mean spherical approximation as the closure in the integral equation theory and then the correlation functions can be determined, which deserves further studies.
IV. CONCLUDING REMARKS
In summary, a molecular Debye-Hückel theory for the polar fluids is developed. The dielectric response of a dipole fluid is described by a Born mode and a linear combination of Debye-Hückel modes. The Born mode is characterized by the bulk dielectric constant r , while the nonlocal dielectric response is characterized by several Debye-Hückel modes with Debye parameter k l . When the bulk dielectric function is known, one can determine the bulk dielectric constant and the Debye parameters. In the current formulation, the linear coefficients of the response modes are determined by the correlation function between the solute and its solvent. Then the electrostatic contribution to the thermodynamic properties of a polar fluid can be obtained analytically. The validity of our theory is demonstrated by applications to dipole hard sphere fluids and various interaction site models of polar fluids such as water. 
APPENDIX A: THE DRESSED MOLECULE THEORY OF DIPOLE HARD SPHERE FLUIDS
The key idea in the dressed molecule theory is that the Poisson equation for the electric potential can be rewritten as a linearized Poisson-Boltzmann form after a charge renormalization process. 24 Even though a quite general formulation is given by Ramirez and Kjellander, 24 some of the key results are presented here for two widely used models of molecular fluids, a mixture of dipole/charge hard spheres and an interaction site model (ISM), to facilitate the development of our molecular Born-Debye-Hückel theory.
Consider a fluid mixture with one dipole species and two ionic species. The dipole species is tagged by d and the ionic species are tagged by i = 1, 2. The hard sphere diameter and the particle number density of the j species are denoted as b j and n j . The dipole moment of the dipole molecule is denoted as µ. The charge of the ith ionic species is denoted as q i . Due to the charge neutrality condition, one can expect that i q i n i = 0. Let σ j (r, ω) be the charge density of the j species. It is known that σ i (r, ω) = q i δ(r) and σ d (r, ω) = −µμ · ∇δ(r), where δ(r) is the Dirac delta function andμ =μ(ω) is the unit vectors in the direction of the dipole.
The pair potential between species j with orientation ω 1 and the species l with orientation ω 2 reads
where u hs jl (r) is a hard sphere potential with radius σ jl = (σ j + σ l )/2 and u ele jl (r, ω 1 , ω 2 ) is the electrostatic interaction that reads 15, 48 
where 0 is the permittivity of the vacuum, D 12 ≡ 3μ(ω 1 ) ·rr ·μ(ω 2 ) −μ(ω 1 ) ·μ(ω 2 ), E 2 ≡μ(ω 2 ) ·r, andr ≡ r/r is a unit vector. In general, one can introduce the correlation function h jl (r, ω 1 , ω 2 ) = g jl (r, ω 1 , ω 2 ) 1 between a species j and a species l to describe the equilibrium property of the mixtures. Naturally, for the charged species, there is no orientational dependence.
It is known that l (k) relates to the local response function α(k) via l (k) = 0 + α(k)/k 2 ; 21,24 hence, Eq. (A12) leads to
which is the key result of the dressed molecular theory and also the starting point of our MDH development. It would be of interest to see how the current formulation of correlation functions can be used to evaluate the dielectric function so that a connection can be made with the conventional results. It is known that the correlation function can be expanded as 29
where ∆ 12 =μ(ω 1 ) ·μ(ω 2 ) and the functions h 0
(r), and h ∆ dd (r) can be determined analytically from the mean spherical approximation. 29 After the Fourier transform, it is found that the correlation functions in k-space read
ii (r) and j n (x) is the spherical Bessel function. Note that the angle convolution rule leads toD 12 * Ê 2 = 8πÊ 1 /3, ∆ 12 *Ê 2 = 4πÊ 1 /3,Ê 2 * 1 = 0,Ê 1 * 1 = 4πÊ 1 , andÊ 2 * Ê 2 = 4π/3, 48 then the total charge density about the dipole molecule ρ t
The total charge density around an ion ρ t i (k, ω 1 ) It would also be of interest to see how the polarization density is related to the induced charge density. The polarization density P i (r) = 
APPENDIX B: THE DRESSED MOLECULE THEORY OF ISM MOLECULAR FLUIDS
In this section, the dressed molecule theory is presented using the interaction site model of molecular fluids, which is widely used in molecular simulations. A molecule of type M has L M interaction sites and its ith site carries a charge q Mi , so the net charge of the M molecule is q M = L M i=1 q Mi . When q M = 0, the M molecule is a neutral species. The particle number density of the M molecule is n M , the reduced inverse temperature is β = where ρ t iM (r) is the total charge density, ρ intra iM (r) = jM iM q jM w ijM (r) is the charge density from intra-molecular interaction, ρ inter iM (r) = jM n M q jM h iMjM (r) is the charge density from inter-molecular interaction. w ijM (r) = δ ij δ(r) + (1 − δ ij ) δ(r − l ij )/(4πl 2 ij ), l ijM is the bond length between the ith site and jth site in the M molecule, and δ ij is the Kronecker delta function. h iMjM (r) = g iMjM − 1 is the correlation function between the ith site in the M molecule and the jth site in the M molecule. where w ijM (k) = δ ij + (1 δ ij )sin(kl ijM )/(kl ijM ).
Define Ψ(k) and q as vectors with element Φ iM (k) and q iM , and define W(k), H(k), and N as matrixes with element w iMjM (k) = δ MM w ijM (k), h iMjM (k), and N iMjM = δ ij δ MM n M , respectively. Now the Poisson equation in k-space reads
where the superscript "T" denotes the transpose of the vector. As the Ornstein-Zernike (OZ) equation is crucial for the derivation of dressed molecular theory, we introduce c iMjM (r) as the direct correlation function between the ith site in the M molecule and the jth site in the M molecule. In k-space, the OZ equation for the interaction site model reads 31 
The Fourier transform of this equation leads to
